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1% replace each of the two occurrences of csc® x on the left side by — This
!

. sine
o135, 21, 2 E} 25, \ be the approach that you first consider, particularly if you become acé‘ilsto m;
H § | B .

rewriting the more complicated side in terms of sines and cosines. The s

elect;

I ===~ through lots of practice.
‘E/’ The more identities you prove, the more confident and efficient YOou will b, o
Although practice is the only way to learn how to verify identities, there age 80‘1.‘
..guidelines developed }houghout the section that should help you get starteq
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F T, 20,24, 28,39

i

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. To verify an identity, start with themore ____ 1 1 e tee .

side and transform it in a step-by-step fashion until it " esex — 1 escx + 1000 be simplified using

is identical to the side. as the least common denominato
2. Itis sometimes helpful to verify an identity by 5. You can use your'graphing caleulator to provide

rewriting one of the sides in terms of evidence of an identity. Graph the left side and

and_______ and then simplifying the resuit. the right side separately, and see if the two graphs
3. True or false: To verify the identity ' are

sinx  1-cosx .
1+cosx sinx

EXERCISE SET 5.1

Practice Exercises | B tangcotd _ m 0 cosfsecd tan 8
In Exercises 1-60, verify each identity. cse § , A ZOt U a1
sinxsecx = tanx 2)cosxcscx = cotx ®Sm26(1 teot"f) =1 05 (1 + tan* 8} = L

%

’ 17. sinttan¢ = . 18 costeott =~

5. tanxcscxcosx = 1 cotxsecxsinx =1 , cos? . ) 8

secx — secxsi’x = cosx (B)escx — csexcos?x = sinx 19, B0 o tsecs 2L o sectaset
9. cos?x —sinfx =1~ 2sin?x . cot ¢ tan ¢
3 2 T R 2 N 2 vi

Cos“x —8m*x =2cos“x — 1 tan® ¢ cot* ¢ :

. 2 @ =38ect — cost 22. = cset — sin/
1)cscf — siné = cotécos @ tan 6 + cotf = secd csc sec ) csct

* Work with each side of the equation independently of the other side. Start with the more complicated side
transform it in a step-by-step fashion until it looks exactly like the other side, {,_f““mm\ o 2
* Analyze the identity and look for opportunities to apply the fundamental identities. . &
. . R ,,—-'-}3& o { g/‘ - .
* Try using one or more of the following techniques: , Ve o LAU e
1. Rewrite the more complicated side in terms of sines and cosines. ;‘W : ]
2. Factor out the greatest common factor. e - el XL

3. Separate a single-term quotient into two terms: { a8 %{;\f te

+b - b : " P
4 mﬁ_'.% and a bmi—-”‘.\\:’}» {_}g%‘g?f}éﬁé@ffﬁi LYo

c c c c c/ T//

4. Combine fractional expressions using the least common denominator. gf'} éfiﬁ’?f?* ﬁ/ S
3. Multiply the numerator and the denominator by a binomial factor that appears on:the athef side of the identity,
* Don't be afraid to stop and start over again if you are not getting anywhere. Creative puzzle solvers know that

strategies leading to dead ends often provide good problem-solving ideas.

we should begin by multiplying both sides
by sin x(1 + cos x), the least cormmon
denominator.

2
. " . . _ 2 —eme !
tan(—x)cos x = —sinx 4) cot(~x) sinx = —cosx 1~ cns’t 18




~cos @
I sin 6 cos 8
cost _

S€c I

cotf
cosf : vosing
1+ cost
COs* X

cos X 1—sinx
g m e o e = ) BRC X
J.1 — sinx cos x
sin x cosx — 1
o m——— =
cosx + 1 sin x

sec? x csc? x = sec’x + csc?x -

escxsecx = secx + cscxcotx
tanx — 1

28, cotf + ——— = ¢c5¢

L2 2
x .
- = CcOs X l—wm—"smx
1+ cosx 1+ sinx

1_
=cscfB —cotd O Smensece-—tan'ﬁ

secx — CSCX
secx -+ csCX

cscx + secx

tanx + 1

sinfx — cos*x .
——— e 2SI X — COS X

————e = @R X — COt X
‘tanx + cotx

tan® 2x + sin? 2x + cos? 2x = sec’ 2x
cot? 2x + cos? 2x + sin® 2x = csc? 2x
tan 28 -+ cot 28 tan 26 + cot 260

35, (tan? § + 1)(cos?§ + 1) = tan?0 + 2/
(m€e+ngﬁa+1y—wﬁa+z

57, (cos @ — sin B) + (cos 0 sin8) = 2

+ (3cosd — 4sin 8y + (4cos 6 + 3s1nt?)2 =25
2 2 ,

Y

Cos®x — §in” x £ ¢
T = costx  BUOUS
1 - tan“x
™sinx + cosx cosx —sinx

- = SECX{ICX
COos X

sin x

E s,

ec 26 42, = ¢3¢ 28
csc 26 sec 26
tanx + fany _ sinxcosy + cos xsiny
1—tanxtany cosx cosy — sinxsiny
cotx +coty  cosxsiny 4+ sinxcosy
/1 —cotxcoty sinxsimy —cosxcosy
' 1 — sinx -
. (secx — tanx = ———~— T
: ) 1 +sinx '
. 1 —cosx
. (csex — cotx) = mom—"
1+ cosx y
rgect+1  tant esct—1  cott
~ tan ¢ sect — 1 cot ¢ esct + 1
I+ cost
) it = {esct + cot £
i 1—cost ( )
cost +4cost+4  2sect+ 1
. cost+ 2 sect
51, cos*t — sintt = 1 — 2sin*¢
. sintt — costr =1 — 2cos’t e
s$inf® —cosd cosd —sind
3 ; =7 —sechcsct
sin 8 cos f :
sin @ cos§
d - = gind + cosf
I—cotd tan@—1 OF

: @cosxtanx —tanx+2cosx — 2

Section 5.1 Verifying Trigonometric Identities 659

Practice Plus

In Exercises 6166, half of an identity and the graph of this half
are given. Use the graph to make a conjecture as to what the right
side of the identity should be. Then prove your conjecture.

@(secx + tanx){secx — tanx)

Secx

e

[""277’ 27’-1 g'] by [_4$ 4: 1}

’ 2
, secexcscx
¢cscx —secx cotx—1 sec”x + ¢sctx

cotx + 1

.
N

[-2m, 27, 5 1by [-4,4,1]

cos x 4 cotxsinx
63. =17
cotx

7

[—277, 2, E] by ["4’ 43 I-]

=7

tanx + 2

A
BN I

[_Z'Tri 2’”‘: %] by [_4i 4: 1]
1 + 1
“-secx +tanx secx — tanx

U
nin

[-2m, 2, 71by [-4,4,1]
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DISCOVERY

Derive the sum and difference
formu}qs for tangents by working
Exercises 55 and 56 in Exercise
Set 5.2.

5.2 ANemte ASSﬁI?hS

1,5,9,11,13 )1 5,25,
27,29, 33,37,41,
H9, 61,587,519

EXAMPLE 7

The tangent of the difference of two angles equals the tangent of the first ?mgle
minus the tangent of the second angle divided by 1 plus their product.

Sum and Difference Formulas for Tangents

tan a + tan 3
tan(a + p) = 1 — tanatan f3

The tangent of the sum of two angles equals the tangent of the first angle plus the 7
tangent of the second angle divided by 1 minus their product.

tan a — tan 8
tan(a — f) = 1 + tan a tan B

Verifying an Identity

4) tanx +1

| 5.2 0ay2 ) 2,3,6,7,8,10))2, S I— tan(x ) 17_) _tanx -1

28_,32) 48, so,
S2, S, S8, o,

SOLUTION

s k=g

CONCEPT AND VOCABULARY CHECK

Tlin-each blank so that the resulting statement is true.
1L cos(x +y) =

2. cos(x —y) =
3. sin(C + D) =
4. sin(C - D) =

| s/mmw)/a_—_

EXERCISE SET 5.2

Practice Exercises

Use the formula for the cosine of the difference of two angles to
solve Exercises 1-12.

In Exercises 1-4, find the exact value of each expression.
‘Qcos(45° - 30°) 22 2. cos(120° — 45°)

3r w 2r m
fs/3' cos( 2 6) 4. cos(T - —6-)

We work with the left side.

T
_tan_
. 4 tan a — tan
™ b, B) = 1+tanatan f8
1 + tanx tan—
4
tanx — 1 7
= le——— tan — =1
1+ tanx-1 4
_tanx —1

" tanx + 1

g Check Point 7 Verify the identity: tan(x + ) = tanx.

. tan(d — ¢) =
7. True or false: The cosine of the sum of two angles
equals the sum of the cosines of those angles. ———

Ise:tan 75° = tan 30° + tan45° ___—

In Exercises 5-8, each expression is the right side of the for mula
for cos(a — B) with particular values for « and B.

a. Identify a and B in each expression.
b. Write the expression as the cosine of an angle.
c. Find the exact value of the expression.
(5.)cos 50° cos 20° + sin S0° sin 20°
x 6. cos 50° cos 5° + sin 50° sin 5°

A




5,2 Alenate
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"p( 8. CORISCOS9 sm]ssu:l9

In Exercises 9-12, verify each identity.
cos(a = B)

°) cos asin B
cos(a = B)

%&m=cotacotﬁ+l

= tana + cotB

/ ™ V2 ;
b ( 11)cos{x — 7 = ——2—(cosx + sin x)

b oofc- %)
1).c05x—7=
X

Use one or more of the six sum and difference identities to solve
Exercises 13-54.
In Exercises 1324, find the exact value of each expression.

13) sin(45° — 30°) 4 14, sin(60° — 45°)

V2 ,
—T(cosx + sin x)

15)sin 105° 47 16. sin 75°
! 17. cos(135° + 30°) 18. cos(240° + 45°)
i . 119, cos75° <42 20. cos 105°
|
- (R m m
s 2L o ey -+ =
! 1an(6 4) ”utan(3+4)

S =
24, tan( 3 - I)

¥ 4
: 3. lan(—s— = z)
~ In Exercises 25-32, write each expression as the sine, cosine, or
- tangent of an angle. Then find the exact value of the expression.
;@)sin 25° cos 5° + cos 25° sin 5°
26. sin 40° cos 20° + cos 40° sin 20°

/“ tan 10° + tan 35° Hs. tan 50° — tan 20° )
k /1 - tan 10° tan 35° 1 + tan 50° tan 20°
‘." 29 s'm— L 5_’” = E
- o0 py
A Tmr 7
¢ 30. m—ws'" il Z.
Thisas - il Vo7
5 47
2 lan— — bl . + Sl
g s tan 25 X tang +tang
2 32
. l+tanTian— 1 =
; 5 30 5 S

. In Exercises 33-54, verify each identity.
/

N 33, )

N ¥ '"(X o+ Z) = cos x 34. sin(x + 3—”) = —cosx
o 2 2

-3,

\ c“(*’ = Z) =sinx 36. cos(m — x) = —COSX
)

& _)lan(z.,, —x) =—tanx 38 tan(7 — x) = —tanx

" S(a + B) + sin(a — B) = 2sinacos B

" C0s(a + B) + cos(a — B) = 2cosacos B

e - p) _

C"sacosﬁ =tana — tanf
Q, Sn(a +

Wwfé = tan a + tan B

Section 5.2 Sum and Difference Formulas 669

+ sin 0

43, tan(9+1’->=—————°°50 e
4 cos f — sinf

” cos f — sin f
Ltan(——0)=—7—""7»
" an(4 0) cos  + sin 6

45. cos(a + B) cos(a — B) = cos? B — sin’

46. sin(a + B)sin(a — B) = cos’ B — cos’a

sin(a + ) _tana + tan 8
L sin(a — B) tana — tanp
‘0{48 cos(a + B) & 1 - tanatan B
" cos(@—pB) 1+ tanatanp
" cos(x + h) — cosx cosh — 1 . sinh
42) A =cosx— = sinx—,—

¥'s sin(x + h) — sinx sin h cosh — 1
50. —————-—‘h = cos x——-h + sinx————

(51, sin 2a = 2sin a cos @
Hint: Write sin 2a as sin(a + a).
§752. cos2a = cos?a — sin*a
Hint: Write cos 2a as cos(a + a).

2tan a
583, tan2a = ——5
= 1 - tar’a

Hint: Write tan 2a as tan(a + a).
54, tan(£+ a) = tan(1 - a> = 2tan2a
4 4
Hint: Use the result in Exercise 53.
55. Derive the identity for tan(a + jB) using
sin(a + B)
cos(a + B)’

After applying the formulas for sums of sines and cosine
divide the numerator and denominator by cos a cos B.

2{6. Derive the identity for tan(a — B) using

tan[a + (=B)]-

After applying the formula for the tangent of the sum of
angles, use the fact that the tangent is an odd function.

tan(a + B) =

tan(a — B) =

In Exercises 57-64, find the exact value of the following und

given conditions:
c. tan(a + ﬁ)

a. cos(a + B) b. sin(a + B)

57.)sina = %, a lies in quadrant I, and sinpB = S.BIs'»
quadram II
¥ ss. sma— ,a lies in quadrant I, and sinB = ,_‘,,5/5
quadram I]
( tana = —3, « lies in quadrant II, and cos B = g;ﬁ’g
i quadrant L
4 60. tan a = —4 4 lies in quadrant II, and cos B =—-—-/)6 s

e quadrantI 7 0n
_a liés in quadrant IV, and sin B = ZL B fthe

61.)cos a =
quadrant III 73 the
62. cosa = %,a lies in quadrant IV, and sin 8 “Irest
quadrant ITL. o0d?
¥ 6. tana—31r<a<2,andcosB- iz %
64. sina—g < a < mandtanp = ‘rr< & -l%)'
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EXERCISE SET 5.3'%71,5,15,17,2/,23,

?/—’) quL“‘lu"'-qq)

Practice Exercises

3,59,5 ¥
In Exercises 1-6, use the ﬁgure?to’ﬁn? ?heb;:fl? Jalu:f of edch
trigonometric function. .

5
3
-
(‘] a

4 24
1. sin 26 2. cos 26 3. tan 26
4. sin 2a 5. cos 2a 6. tan 2a

In Exercises 7-14, use the given information to find the exact
value of each of the following:

a. sin 20 b. cos 26 c. tan 26.

7. sin 8 = £, 6 lies in quadrant IL

8. sin @ = 4, 0 lies in quadrant II.

9. cos § = %, 6 lies in quadrant IV.
0. cos § = 37, 6 lies in quadrant I'V.

. cot @ = 2,6 lies in quadrant III.
cot § = 3, 6 lies in quadrant ITL.

. sinf = —%,Oliesinquadrantm.
14. sin 6 = —2, 6 lies in quadrant ITL

&

1

3-1-

In Exercises 15-22, write each expression as the sine, cosine,
or tangent of a double angle. Then find the exact value of the
expression.

15. 2 sin 15° cos 15°
17. cos?75° — sin? 75°

16. 2 sin 22.5° cos 22.5°
18. cos?105° — sin® 105°

19.2c052%—1 20.1—25in2—11%
2tan 2tang
- 1-tar? = - 1-ta? =
12 8
In Exercises 23-34, verify each identity.
g 1itz:nango v 12:2239

25. (sin 6 + cos §)* = 1 + sin 26
26. (sinf — cos 8)* = 1 — sin 26
27. sif’x + cos 2x = cos’x

O L O
cos?x
O, ol e A
1—-cos2x
30. cotx=1+—,cosﬁ
sin 2x
31. sin2t — tant = tantcos 2t
32. sin2t — cott = —cottcos 2t

33. sin4t = 4sintcos’t — 4sin’rcos ¢
34. cos 4t = 8cos*t — Bcos’t + 1

-&35"38)64_sz
53 {11 12:75,76,1%

n Exércises 35-38, use the power-reducing formulas to rewyjy,
each expression as an equivalent expression that does not cop, tain
powers of trigonometric functions greater than 1.
35. 6sin'x 36. 10cos'x
37. sin®x cos’x 38. 8 sin®x cos’x

In Exercises 39—46, use a half-angle formula to find the exac;
value of each expression.

39. sin 15° 40. cos 22.5° 41..co8 157.5°

42. sin 105° 43. tan 75° 44. tan112.5°
7 3n

45. tan-ér— 46. tan-s—

In Exercises 47-54, use the figures to find the exact value of each
trigonometric function.

3 5 15
7
] a O
4 24
6 ] ]
. sin— 5 - 49. tan—
47 sm2 48, 0052 3
a a
. sin— - 2. tan—
50 sm2 51. cos2 52, tan
) ] - a
53.25m2(:os2 54.2511120.:052

In Exercises 55-38, use the given information to find the exact
value of each of the following:

<5 € a a
e sin> b. cos> ¢ tanz.
55. tana = %, 180° < a < 270°
56. tana = £, 180° < a < 270°
5. seca=-R3f<a<mw
58. seca=-3,3<a<m

In Exercises 59-68, verify each identity.

.,0 sech-—-1 : @ csch — coth
B g = . e T OR
S = 2seco ks 2csc 0

# sinf + tané 6 sech+1
i et T BEE 6 _
el 2tan 6 62 cos's = et
6Lt it

2 secatl

64. 2 tan= = _—_sm.za +1-cof'a
2 sin a(1l + cos a)

cotx __sinx
2 1-—cosx
X 1+cosx
QD= 15 Seeee——
2 sin x

67. tan% + cot% =2cscx

x x
68. tan— — cot— = —2 cot x
2 2




Exercises 69-78, half of an identity and the graph of this half
given. Use the graph to make a conjecture as to what the right
¢ of the identity should be. Then prove your conjecture.

L cotx — tan x 5

* cotx + tanx

[-2m, 2, ’—2'] by [-3,3,1]

2(tan x — cot x) 2

* tan’x — cot®x

[2w, 2, ’—2!] by [-3,3,1]

inc— — —=7
SlIIz2 COSZ2 :

FETRE
NN

[-2m, 2m, ’E'] by [-3,3,1]

Section 5.3 Double-Angle, Power-Reducing, and Half-Angle Formulas

74. sin 2xsecx = ?

AN
VIRV,

[-2m, 2w, 71by [-3,3,1]

csc?x

" cotx

\/U[\/\}

/\(\{(\f\

(2w, 27, 31by [-3,3,1]

76. tanx + cotx = ?

Vv VIV V

I
|
[

6 1.

(<27, 27, $1by [-3,3,1]

77. sin x(4 cos’x — 1) = ?

{A/\/\

{\/\/\/

(0,2, 2] by [-3,3,1]

78. 1 — 8sin’x cos’x = ?

L/\/\/\/
AT Snt I\

0,27, F1by [-3,3,1]
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Chapter 5 Review Name

MULTIPLE CHOICE. Choose the one alternative that best completes the statement or answers the question.

Complete the identity.

1) sec x - ! - ? 1)
sec X
A) sec X ¢sc X B) -2 tan2 x C) 1+cotx D) sin x tan x
2)tan (mt-0)="7? 2)
A) -tan 06 B) cot 6 C) -cot O D) tan 0

SHORT ANSWER. Write the word or phrase that best completes each statement or answers the question.

Use a half-angle formula to find the exact value of the expression.
5n
COS —
3) cos—> 3)

Use trigonometric identities to find the exact value.
tan 40° + tan 110°

) 1 - tan 40° tan 110° 4
Solve the equation on the interval [0, 2m).
5) 2'sin x = sin x 5)




Use the given information to find the exact value of the expression.

6) cos 0 :%’ 0 lies in quadrant 1V Find sin 20. 6)

7)sin 6 :%, 0 lies in quadrant I Find tan 20. 7

Use the given information to find the exact value of the trigonometric function.

8) sec 0 =4, 0 liesin quadrant | Find cos g 8)

Verify the identity.
9) csc2u - cos U sec u= cotZ u 9)




10) sin(ax - B) cos(a + B) = sin & cos a - sin 3 cos 3 10)

11) tan © - csc © =sec O 11)

12) cos 40 = 2 cos2(20) - 1 (Start with left-hand side) 12)
.| 3m _

13) sm[7 - E)J =-cos 0O 13)




Use the graph to complete the identity.
14)1+.cosx+ sin X —» 14)
sin x 1+ cos X

Use a half-angle formula to find the exact value of the expression.
15) tan 105° 15)

Use the figure to find the exact value of the trigonometric function.
16) Find sin 26. 16)

13
12

Find all solutions of the equation.
17) cosx =0 17)

Solve the equation on the interval [0, 27).
18) cot2 x cos x = cot?2 x 18)




Solve the equation on the interval [0, 27).
19) sin3x =0 19)

20) sin[x + %J - sir{x - %] =1 20)

21) cos 2x = 21)

o

22) cosx +2cos xsinx=0 22)

Solve the problem.
23) An airplane flying faster than the speed of sound creates sound waves that form a cone. If 23)
ais the vertex angle of the cone and m is the Mach number for the speed of the plane, then

sin % = % (m > 1). Write the formula to calculate the Mach number if a = 90°.




Use the figure to find the exact value of the trigonometric function.
24) Find tan 26.

25
24

Use the graph to complete the identity.
25) (secx +tan x) (sec X - tanx) _ ”
sec X

24)

25)

MULTIPLE CHOICE. Choose the one alternative that best completes the statement or answers the question.

cos xtan x - 2tan X + 5cos x - 10 _

?
tanx+5

26)

A)sinx-5 B) cos x - 2 C) sin x + 5c0s X

D) cos x + 2

26)



	math 127 5.1 Alt Assignments
	math 127 5.2, 5.3, Power Reducing Alt Assignments
	Chapter 5 Review

